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ABSTRACT
Confidence In terva ls  for the R atio  o f Poisson Param eters
by
L ibo  Z h o u
D r. M a lw ane  A n a nda , E x a m in a tio n  C om m ittee  C h a ir 
P ro fessor o f S ta tis tic s  
U n iv e rs ity  o f Nevada, Las Vegas
Let A:,, be non-nega tive  in tege rs  w ith  A:, + > 2 ; le t
be m u tu a lly  ind e p e nd e n t Poisson ra n d o m  va riab les  
w ith  pa ram e te rs  , respective ly . In  th is  a rtic le , we
co n s id e r c o n s tru c tin g  con fidence  in te rv a ls  fo r  ra tio  o f Poisson
A • /L • /L • • • Â
p a ram e te rs  9 =  — . F o r the  ra tio  o f tw o Poisson pa ram e te rs
M ■ /^ 2 ’ /^ 3 ”  '
6 = ~  , an  exact fo rm u la  fo r con fidence in te rv a l is  g iven. A  n u m e ric a l
/1| • /L ■ /Ij ■ • • /Lt
m e th o d  to  o b ta in  con fidence  in te rv a l fo r 6 = -------------------- — is developed.
M
E xam p les are g iven fo r each o f the  tw o  cases.
IV
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CHAPTER 1
IN TR O D U C TIO N  
Let X  a n d  Y be tw o  in d e p e n d e n t Poisson ra n d o m  va ria b les  w ith  
pa ram e te r \  a n d  , respective ly . S aha i and  K h u rs h id  have described  a 
few m e thods fo r o b ta in in g  a con fidence  in te rv a l fo r the  ra tio  o f tw o  
Poisson m eans /I,///, su ch  as an  exac t m e thod , use o f F -d is tr ib u t io n
tab les, n o rm a l a n d  Poisson a p p ro x im a tio n s , n o rm a l a p p ro x im a tio n  u s in g  
square ro o t tra n s fo rm a tio n , m e th o d  o f m a x im u m  like lih o o d . In  p re sen t 
a rtic le , we o b ta in  an  exact fo rm u la  fo r the  confidence in te rv a l fo r  the  
ra tio  o f tw o  Poisson pa ram ete rs . In  th is  case. Suppose 
Â i ' = (A , j,X 2 2 ,....A'i„ ) and  Ÿf = be ra m do m  sam ples fro m  X
and  Y respective ly . F u rth e rm o re , suppose and  //, fo llo w  gam m a 
d is tr ib u tio n s  w ith  p a ram e te rs  a ,, and  , y, respective ly . In  c h a p te r 3,
A.
we develop an  exact fo rm u la  fo r  th e  confidence in te rv a l fo r  9 = —  u s in g
M
Bayes m e thod . The b r ie f deve lopm en t is  as fo llow ing :
S ince Â ,~P(/l,)and;?r(2,)~gawm a(«,,y3j), we can  f in d  th a t X^\X~
O O A -
gam m a { V  x  . + a , , — —— ), th e n  i f  we le t— ——  =®, we have — \X.~
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gam m a ("Ÿx^.+a^, 1). S im ila r ly , w ith  — - —  = co^  we have — \Ÿ^~ gam m a 
M l  + m,y,
A
l Z % + 4 ,  1).
i= \
A
T hus, - r ^ — ~ B e ta  + cr,, ^  y ), a fte r  some a lgebra ic
A  + Æ  (=1 ;=1
;  &





), w here  {P „ ,P  „ )  are the  c r it ic a l va lu es  o f be ta  d is tr ib u t io n
7 ' 21 - a .
w ith  p a ram e te rs  A - ' ^ x ^ . + a ^ ,  B = ^  y^ . + . A n  exam ple  is  a lso g iven in
;=1 1=1
th is  chap te r. The m e th o d  is  also su ita b le  fo r  th e  exam ple  in  S aha i a n d  
K h u rs h id ’s a rtic le . E xam p le  u s in g  the  m e th o d  w ith  da ta  fro m  S aha i a n d  
K h u rs h id 's  a rtic le  is  g iven in  ch a p te r 3, exam ple  2.
2. ■ 2.2 ■ • • 2.
For the  ra tio  0 = ---------------   , w h e n  the re  are m ore th a n  one
Mi ' "  Mk,
param e te rs  fo r  the  n u m e ra to r o r the  d e n o m in a to r o r b o th  there  is no  
fo rm a l d is t r ib u t io n  fo r  the  ra tio . There fo re , we develop a n u m e rica l 
m e tho d  to  f in d  its  ( l-a )1 00%  con fidence  in te rv a l. The s im p le  ra tio  
becom es to  the  fo llo w in g  case:
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Let A:,, be n on-neg a tive  in te ge rs  w ith  k ^ + k ^ > 2 ;  le t 
A ,  A )  be m u tu a lly  in d e p e n d e n t Po isson ra n d o m  sca la rs
w ith  pa ram ete rs  , respective ly . In  th is  a rtic le , we lo o k
2, -2, • ■ • 2^
a t how  to c o n s tru c t con fidence  in te rv a l fo r the  ra tio  6 = ------- =-------   .
M\' M l " '  Mk^
H a rr is  has developed a th e o re tic a l m e th o d  to  o b ta in  the  confidence
2(22 ■ ■ ■ 2^
in te rv a l fo r the  q u o t ie n t - ,  w he re  are Poisson
A4//2 " A
pa ram e te rs  fo r the  va ria b le s  . In  th is  a rtic le  we
develop a m ore genera l m e th o d  to  ca lcu la te  th e  con fidence  in te rv a l fo r 
A A ■ * * A
6 = ------------— in  th is  case: X^,X^,..Xi^',Y^,Y^,...Y^. a re n o t A:, + ^ 2  va ria b les  b u t
"  A
sca la rs , each c o n ta in s  ra n d o m  sam ple  o f sizes
M;/i2 ,...M. ;7M,,7M2,...7M^ ,^ rcsp cc tive ly . In  ch a p te r 4, we develop a n u m e ric a l
w ay to  ca lcu la te  a large n u m b e r o f the  va lues fo r  9 and  th e n  we p u t 
these n u m b e rs  in  o rd e r so th a t we co u ld  fin d  th e  (1-«)100%  confidence 
in te rva l. A  c a lc u la tio n  p rocedu re  o f th e  R p ro g ra m  was a lso g iven in  th is  
ch ap te r. We sh o u ld  note  th a t  in  p a r t ic u la r , fo r k^=Q  the  pa ram e te r 9 is
a p ro d u c t o f Poisson p a ra m e te r and  th e  s o lu t io n  can  be in te rp re te d  as an  
ap p ro x im a te  s o lu tio n  to  the  co rre sp o n d in g  p ro b le m  o f f in d in g  confidence 
in te rv a ls  fo r the  p ro d u c t o f b in o m ia l pa ram e te rs . E s tim a tio n  o f the 
p ro d u c t o f b in o m ia l p a ram e te rs  has been inves tiga ted  by M adansky ,
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
B ueh le r, and  M yh re  and  S a und e rs . Tab les su ita b le  fo r  use in  some 
p rob lem s co n ce rn in g  e s tim a tio n  o f b in o m ia l pa ram e te rs  have been 
com p iled  by  L ip ow  and  R iley. T h e ir  re s u lts  have been com pared  w ith  the  
re s u lt com ing  fro m  H a rr is . A n d  a ll th e  re su lts  w il l  be com pared  w ith  
those  o f the  p re se n t a rtic le  in  c h a p te r 4, exam ple  5.
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CHAPTER 2
D ISTR IBU TIO N S C O N SID ERED  
The Poisson D is tr ib u tio n  
The P oisson d is t r ib u t io n  is  a d isc re te  p ro b a b ility  d is t r ib u t io n  
be long ing  to  c e rta in  ra n d o m  va ria b le s  N th a t c o u n t, am ong  o th e r th in g s , 
a n u m b e r o f d isc re te  occu rrences th a t  take  place d u r in g  a tim e - in te rv a l 
o f g iven le n g th . The p ro b a b ility  th a t th e re  are exa c tly  x  occu rrences 
(x b e in g  a n o n -neg a tive  in tege r, x =  0, 1, 2, ...) is:
p { N  = x) = ^  y ..., x = 0,l,2, - -
x!
w here  1 > 0  .
The G am m a D is tr ib u tio n
The gam m a d is tr ib u t io n  is  a c o n tin u o u s  p ro b a b ility  d is t r ib u t io n
w ith  the  p ro b a b ility  d e n s ity  fu n e tio n  :
1 - -  
/ ( x )  = ------------x“ “'c ^ , w here x > 0 .
« >  0 is  the  shape p a ram e te r and  y0> 0 is  the  scale pa ram ete r.
Related Knowledge abou t Gam m a D is tr ib u tio n  
I f  X  is  gam m a d is tr ib u te d  w ith  the  p a ram e te r a  a n d /? , th e n  X j (3
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
w ill be d is tr ib u te d  w ith  the p a ra m e te rs  a  and  1. T h is  is  expressed as: 
I f  X -g a m m a  (cr,y5), th e n  % /^  -g a m m a  ((%, 1).
Proof,
Le t Y = —
P
F (T ) = P r(^ < } ')
= Pr(x < Py)
=    x" 'e ^dx
/ ( T ) = F ' ( n
r(a)yg
so Y -g a m m a  (« ,1 ), th a t is X j P  -g a m m a  (a, 1).
We can a lso prove the  above re s u lt  b y  u s in g  the  m om en t 
ge ne ra ting  fu n c tio n : I f  X -g a m m a  (cr,y0), th e n  the  m o m en t g ene ra ting  
fu n c tio n  o f X  is
th e n  =
B P
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1( 1- 0 “
so X //9 ~ g a m m a (a ,l) .
The Beta D is tr ib u tio n  
The B e ta  d is t r ib u t io n  is  a  c o n tin u o u s  p ro b a b ility  d is t r ib u t io n  w ith  
the  p ro b a b ility  d e n s ity  fu n c tio n  de fined  on  the  in te rv a l [0 ,l] :
f { x )  = (1 -  x y - ^ ,
r(a )r(yg )
w here  a  an d  p  are pa ram e te rs  th a t m u s t be g rea te r th a n  zero and  F is 
the  gam m a fu n c tio n .
The expected va lue  a n d  va riance  o f a be ta  ra n d o m  va ria b le  X  w ith  
pa ram ete rs  a  and  p  are g iven by fo rm u la e ;
E (Z )  *
a  + p
aP
(a + p y  (a + P + Y)
Related Knowledge abou t Beta D is tr ib u tio n  
I f  X, and  X j  are tw o  ind e p e nd e n t ra n d o m  va riab les . A n d X , is 
gam m a d is tr ib u te d  w ith  p a ram e te rs  a  a n d  1, X j  is  gam m a d is tr ib u te d
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
w ith  pa ram e te rs  B a n d  1, th e n  ------  —  w il l  be B e ta  d is tr ib u te d  w ith
param e te rs  a  a n d  p . T h is  can be expressed as: I f  X, a n d  X^ are
X,
independen t, X, ~ gam m a  (a ,  1) and  X^~  gam m a [ p , 1), th e n
Xj + X j
be ta  ( a ,  P).
Proof,
I f  X ,~  gam m a ( a ,  1) and  X ^ -  gam m a { P , 1), th e n  th e y  have the  
fo llo w in g  p ro b a b ility  d e n s ity  fu n c tio n s  respective ly:
~  r  V] e ', 0 < X, < 00.
r(«)
/ ( x , )  =  —-— 0 <  x ,<  00.
W hen th e y  are in d e p e n d e n t th e y  have the  jo in t  p ro b a b ility  d e n s ity  
fu n c tio n :
A(X] X2) = / ( x J  / (X 2 )
= ------------   x,“ “ ’x / “ ’e” ' ‘“ "'L 0 < x .  < c o , 0 < x ,  < 0 0 ,
r(« )r(y g ) ' -
X,
zero e lsewhere, w here  a > 0 ,  P>0.  Le t I j = X, + X^ andP^ =
X, + X 2
The space A  is, exc lus ive  o f the  p o in ts  on the  co o rd in a te  axes, the  f ir s t  
q u a d ra n t o f the  x, X2  - p lane . Now
y, =w,(x,X2) = x,+X2
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
, . X]
x  = « 2 (^ 1 + ^ 2 ) = ---------Xj +X 2
m ay be w r it te n  as x, = y,y 2 , ^ 2  = y , ( l - y 2 ) > so
•/ = f  l  = -y , # 0 .
[ p - y i  - y j
The tra n s a e tio n  is  one-to -one , and  i t  m aps A  to  B = { ( y y z ) '  0<T, < 
0 < y 2 < 1} in  the  y,y 2 “ p lane.
The jo in t  p ro b a b ility  d e n s ity  fu n c tio n  o f f j  and  is th e n
y , < o o ,  0 < y 2 < l ,
r (a ) r ( ;8 )  ' '
= 0 elsewhere.
The m a rg in a l p ro b a b ility  d e n s ity  fu n c tio n  o f is
«“1/1 \/)-l
r ( a  + P) ^
T2  ( 1 - T 2 r \  0< T2< 1,r w r ( ^ )
= 0  e lsewhere .
T h is  is  the  p ro b a b ility  d e n s ity  fu n c tio n  o f the  be ta  d is t r ib u t io n  w ith  
p a ra m e te r a  and p .
So we have proved th a t i f  x, a n d  X2  are inde pend en t, X, ~ gam m a
( a , 1) an d  X ; -  gam m a [ p , 1), th e n  ------ ------- be ta  {a ,  P).
X, + X ;
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Bayes M e thod
The p o s te r io r d is t r ib u t io n  o f G g iven x deno ted  n{9 lx )  is  de fined  to  
be the  c o n d itio n a l d is t r ib u t io n  o f 9 g iven th e  sam ple  o bse rva tion  x . A n d
w ith  X  has m a rg in a l (u n co n d itio n a l)  d e n s itym (x ) = ^ f { x / 9 ) n { 9 ) d 9  , the
e
p o s te rio r is  ;r(^ /x ) = /(-^ /^ ) w here  k {9) is  the  p r io r, u s u a lly  g iven o r
m(x)
assum ed.
W ith  th e  square  lo s s L  = , the  Bayes es tim a te  o f 9 jx  is  ju s t
the  m ean o f the  p o s te rio r d is tr ib u t io n .
Generalized Bayes Estim ate
F o rX  = (Xj,x2 ,...x „), i f  each va ria b le  is Poisson d is tr ib u te d  w ith  
pa ram e te r 2 th e n  we h a v e X  = ^ x . ~  Poisson{nX) . W hen the  p r io r  is  a
i = l
c o n s ta n t p r io r , w h ic h  is / ( 2 )  = i ’ . The p o s te r io r d is t r ib u t io n  w il l  be
[0,0. w.
/ ( 2 | X )  = ^ ^ ^ ’ ^ ^
yXJO
/ ( X | 2 ) . / ( 2 )
[ / ( X | 2 ) . / ( 2 X 2
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
  ---------- c
f=i
e~"  ^ -2 '"  
e '^ .2'-' (/2
_2
oc e P" - À ’’ '
1/ .
"  1
So we have 2 | X  ~gamma(Vx,. +1,—)
(=1 M
10
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CHAPTER 3
C O N FID EN C E IN TER VAL FOR A S IM PLE CASE 
Theoretica l Developm ent 
We s ta r t fro m  w he n  A:, = 1 , A:^  =1 . The p ro b le m  th e n  is  s im p lifie d  as:
Le t X ', A  = (T ii’ T2 2 ’ -Tim,) be tw o  Poisson ra n d o m  sam ples
w ith  p a ram e te rs  2, a n d  //,. W ith  th e  a s s u m p tio n  th a t  the  p r io r  
d is t r ib u t io n  k { \ )  ~gamma{a^,Pf), 7t{juP ~gamma{S^,yP we fin d  an  exact
A
fo rm u la  fo r  10 0 (l-« )%  confidence in te rv a l fo r th e  p a ra m e te r 0 = —  . A n d  
w ith  the  square  loss L = \ 6 - E { 6 ) f  we a lso f in d  the  Bayes es tim a te  fo r
We w il l  use the  B ayes’ m e th o d  and  the  know ledge  in  ch a p te r 1 to
A
o b ta in  a 1 0 0 (l-« )%  confidenee in te rv a l fo r the  p a ram e te r 9 = —  . S ince
Mx
X \  =(x,,,X j2 ,...x,„ ) is  a Poisson ra n d o m  sam ple w ith  pa ram e te r 2, ,
/ ( A  12, ) = / ( X J  2, ). / ( X ,2 12,)... / (X ,„ , 12, )
_ A A f A  2,~ 2,''"'
x ,, !  x,2 ! V] !
11
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X - 1 2  n
nX,,!.  If 
i= \
Since n { \  ) -  gam m a(a ,^ P  ^)
1
7 r ( l )  = ------------2|“‘ 'e w here 2 > 0
then, / (2 , |X ,)o c /(X ,|2 ,)v r (2 ,)
oc2,'" .g-"'^ .2,"'-bgA
oc 2, '=' ■ e A
so, 2, |X ,~  g a m m a (^ x ,.+ a ,,  -—
i = l  1  A
S im ila r ly , p f ÿ -  gam m a( Y  y , + S, , — ^ —  ).
M l  + m,y,
Le t , - — = co^
1+ «,/?, l  + m,yi
2  ~  u  ~T hen , ^  | X, ~ gam m a ( V x , . + « , , 1), gam m a ( V y , , . + ^ , , 1)
(p, M (=1
2.
So we have - r - ^  B e ta  ( T  x,,. + « , , T  y,, + <?i ),
A + a  t r  T t
«1 m, 1
i f  4  = Tx,,. + a , , 5  = y  y,,. + & , th a t  is  ----------------------B e ta  [ A , B ]
M\
12
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W ith  th e  g iven d a ta  i t  is  easy to  f in d  the  va lue  o f A and  5  . We can 
use M in ita b  to  f in d  a 100(l-cc)% con fidence  in te rv a l (/?„,/? „ )  fo r  the
— 1-----
2 2
p a ra m e te r   — -— . T h is  can  be w r it te n  as
i + A )  A
Pr(y0^< -------- -— -— < p  „ )  = 100(1 -« )%  . A fte r some a lgeb ra ic  c a lc u la tio n
i  i + ( % . ( A )  '-3
<Wj //]
&  ;
th is  w il l  be Pr(— -—  —  < —  < ---------------- )  = 100(1-<2 )% .
Pa M\ P^ _^  ^ 1
2 2
A
Thus , the  100(1-<2)% con fidence  in te rv a l fo r  the  p a ra m e te r 0 = —  is
A
(Px 'X  fL)_
1 -Æ
2 2
U n d e r square  loss L = \9 -  E { 6 ) f  , th e  Bayes es tim a te  fo r the  
p a ra m e te r ---------- — -— is ju s t  th e  m ean o f beta  d is t r ib u t io n  w ith
!+<«).( A)
A \ A
pa ram e te rs  A a n d  B , w itc h  is ---------. T hen  we have
A + B i  + ^ ^ B
Mx
th e n  ^  ^  , w h ic h  is  ju s t  the  Bayes es tim a te  fo r  the  p a ra m e te r
//, CO, B
0 = ^ .
Mx
13
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Exam ple 1
W ith  the  a s s u m p tio n  th a t  the  p r io r  d is tr ib u t io n  
7v{X,) ~ gamma{a, = 2 , P , = 2 ) , 7r{ju,) ~ gamma{ô, = 3 ,y, = 2 ) ,  we use M in ita b  to
generate a ra n d o m  va lue  fo r À, a n d p , , a n d  we get2, = 5.961133,
p, =9.52169 . T hen  we use X,~P(2, =5.961133 ) to  generate 25 d a ta  fo r  X , ,
th a t is  X , ’ = (9,7,7,7,5,...,2,5,5,3,6,6), », = 25 ; and  we use ij~P(//, = 9.52169)
to  generate 20  d a ta  fo r  Ÿ,, th a t  is  Ÿ\  = (6,12,11,12,8,...,5,8,11,8,6,9), m, = 20 .
In  th is  exam ple  we fin d  a 100(1-a )%  =95% confidence in te rv a l fo r  the
pa ram e te r 6 = —  . A n d  w ith  the  square  loss L = \6 -  E { 0 ) f  we f in d  the
M\
A
Bayes estim a te  fo r  9 = —  .
Ml
A cco rd in g  to  w h a t we have done in  C ha p te r 2 we have
1
B eta  [ A , B ] ,  w here d  = y  x,, + a , , 5 = y  y,, + 5,
,=1 1=11 + m - m(y, //,
B y
and  — ——  = (D,, — ——  = CO. . 
\ + n,p, l  + m,y,
Then X = J x ,,+ c r ,  = 145 + 2 = 147 , 5  = | ] y „ .+ ^ ,  =189 + 3 = 192,
/■-I f-1
1+ »,/?, 1 + 25x2 51 1 + 7»,/, 1 + 20x2 41
Since Pr(/1 < ------------- :— </? ) = 100(l-a)%  =95% that is
!  I + A )  A  ACO, fJ.,
14
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&  2
Pr( ?— ------ —  — ) = 95%, we can  use  M in ita b  to  get
Pa M\ P, a <^ \
1-
2 2




fo r the  pa ram e te r 6* = —  is  (-----— —  , -------—  — w h i c h  is
2 2
(0.4955683,0.7620842) .
U nde r square  loss L = \ 9 - E { 6 ) ^  , the  Bayes es tim a te  fo r the
p a ram e te r -------- -— -— is  ju s t  the  m ean o f be ta  d is t r ib u t io n  w ith
! + ( « ) .  ( A )
CO, p ,
param e te rs  A a n d  B , w itc h  is  —- — . T hen  we have
m m
th e n  —  = —  •— = —  ' ^ ^  = 0.615502 , w h ic h  is  ju s t  the  Bayes es tim a te  fo r 
o), ^  51 192
the  pa ram e te r 0 = — , th is  es tim a te  va lue  lies  in  the  100(l-a )%  =95% 
confidence in te rv a l (0.4955683,0.7620842), a n d  i t  is  a lso close to  the  va lue
o f ^  = 0.6260583 .
Mx
Example 2
In  S ahai an d  K h u rs h id ’ s a rtic le , th e y  ca lcu la te d  th e  confidence 
in te rv a l u s in g  a few  m e thod  w ith  the  d a ta  x, =12,  y, = 13. W ith  the  same
15
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data , we w il l  use o u r m e th o d  to  ca lcu la te  th e  con fidence  in te rv a l fo r  
6 = and com pare  the  re s u lt  w ith  th a t  o f the  exact m e th o d  fro m  Sahai
and  K h u rs h id ’ s a rtic le .
S ince the re  is  no  p r io r  a s s u m p tio n  in  th e  exact m e th od  fro m  Sahai 
and  K h u rs h id ’ s a rtic le , we have to  m ake o u r  p r io r  a s su m p tio n  n o n - 
in fo rm a tive . For the  p r io r  k{X,) ~gam ma{a,,p ,) , n{p,) ~gamma{5,,y,), we
sh o u ld  take  a , , equa l to  1  a n d  p , , /, equa l to  a  b ig  n u m b e r to  m ake  the  
p r io r  n o n -in fo rm a tive . W ith  s u ch  p r io r  a ssu m p tio n , the  p o s te rio r w il l  be 
2 ,1X, ~ gamma(\3,\) a n d  M,\Y,~ gamma{l4,Y). T hen  we have the  c r it ie a l
va lues  fo r 5eto(13,14)are p^ = 0.299272, p   ^ =0.666292. The confidence
i   ^ 2
in te rv a l is  (0.4271,1.9967). T h is  is  close to  the  con fidence  in te rv a l 
(0.3860,2.1990) in  S ahai an d  K h u rs h id ’s a rtic le .
I f  we take  the  p r io r  as a genera lized c o n s ta n t p r io r , we w il l  get the  
same p o s te rio r a nd  the  same re s u lt  fo r th is  exam ple.
16
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CHAPTER 4
C O N FID E N C E  IN TER VAL FOR A C O M PLICATED CASE 
Illu s tra tio n  and procedure o f R program  
We have developed an  exact fo rm u la  in  ch a p te r 2 fo r  the  s im p le  
case w he n  k , = \ ,  k ^ = l .  W hen k, a n d  k  ^ are n o t b o th  one a t the  same
2, • /Ij • 2j • • • 2^
tim e , w h ic h  m eans fo r the  ra tio  ^  w hen  the re  are m ore
M\‘ M l' Mz'" Mkj
th a n  one p a ram e te rs  fo r  the  n u m e ra to r  o r d e n o m in a to r o r b o th , the  case 
co u ld  become m u c h  m ore com p lica te d  an d  we ean n o t f in d  a fo rm a l 
d is t r ib u t io n  fo r the  ra tio .
In  th is  ehap te r, we w il l  develop a n u m e ric a l w ay  to  f in d  the  
con fidence in te rv a l fo r th is  case. A n d  an  R p rog ram  is  developed 
a cco rd ing  to  the  fo llo w in g  p rocedure .
1. We assum e the  p r io r  fo r 2,,2^,..%  -//t, > th is  can  be expressed as
fo llow ing :
2, ~ gam m a{a ,,P ,)
2 j ~  gamma{a2, P2 )
17
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/ / , - gamma(^,,/i)
/^2~ gamina((52,r2)
Here, the  va lues  o f a 's ,P 's ,5 's ,y 's  w il l  be assum ed  fo r each p r io r . A n d  
ra n d o m  va lues  fo r  V s  and  /d's w il l  be generated.
2. We use the  genera ted  va lues fo r À's  an d  ju's to  generate th e  da ta  
vectors. T h is  is  expressed as fo llow ing :
Âj —(Xj J , Vj2, ) ~ P(/l2 )
Jti ~(a:2] , ^ 22 , •••, ^ 2^  ^) ~ P(/l2 )
2^ “ ‘(y21’ y22’ -” ’ T2m, ) ~ ^(> 2^ )
18
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3. As we have proved, th e  c o n d it io n a l p a ra m e te rs  fo r  A | X  and  fj. | Ÿ w il l  
a lso be gam m a d is tr ib u te d , the  p a ra m e te rs  o f these gam m a 
d is tr ib u tio n s  are k n o w n  so we can  generate  the  ra n d o m  va lues( a 
large n u m b e r, say 1000000) fo r  X \ X ’s a n d / / 1 f ’s. T h is  is expressed 
as fo llow ing :
~ iff
^  I Â, ~ gamma( x„. + a , ,  ----
,=i l  + «iA
_  " 2  A
I 2 1 ^ 2  ~  g a m m a (^  %2/ +  « 2 ,  ------—^ )
i= X  I  +  M2A
&  I &  ~ gam m a(^x,. + )
Yx
X2/4 IŸ 2 -gamma(£ ^ 2, + ^ 2,  ------— )
M 1 + W2/2
19
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— ^ ^ 2  Y
I \  ~ gam ma(£ y ^ .  + 5,^,  -----^----- )
( = 1 i ■
4. U s ing  the  genera ted  va lues  in  s tep 3 we ca lcu la te  6 - -----------------   an d
/^ 1 ■ /^ 2 ■ "
we w ill get a la rge  n u m b e r ( 1 0 0 0 0 0 0 ) o f va lues  fo r  th is  ra tio , le t ’s say 
th e y  are 1 0 0 0 0 0 0  q ’s.
5. We ju s t  need to  p u t  these 1000000  q ’s in  o rd e r and  i t  w il l be easy to  
get a 1 0 0 (1 -« )%  con fidence  in te rva l.
Exam ple 1
Since the  R p ro g ra m  is  developed fo r any  non-nega tive  n u m b e r 
a n d ^ 2 . In  th is  exam ple  we w il l  ca lcu la te  the  100(l-«)%  =95%  con fidence
g
in te rv a l fo r th e  ra tio  9 = —  , th is  is  a s im p le  ease w h e n  A, =1 , A: 2 =1. The 
fo llo w ing  is  the  p rocedu re  a n d  re su lts :
1. We assum e the  pa ram e te rs  o f the  p r io rs  fo r A, ~ gamma(a^,PP 
and  jUi~ g a m m a ( ^ , . be ta , = 2 , = 2 a n d = 3 , y, = 2 .
2. A  ra n d o m  va lue  fo r 2, a n d  w il l  be generated. 1, =5.961133 , 
ju, =9.52169.
3. Then  we use =5.961133 as the  Poisson p a ram e te r to  generate 25 
d a ta  fo r Â , , th a t  is  Â , ' = (9,7,7,7,5,...,2,5,5,3,6,6), «, = 25 ; and  we use
20
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//, =9.52169 as the  Poisson p a ra m e te r to  generate 20  d a ta  fo r  I j ,  th a t 
is  = ( 6 ,12,11,12,8 ,...,5,8,11,8 , 6 ,9 ), = 2 0 .
4. The sum  o f Poisson d a ta  o f each Po isson d is t r ib u t io n  w il l  be
«1 "ii
ca lcu la te d  a n d  w il l  ge t the  va lues  o f a n d  +<5, •
1=1 1=1
5. We use 2,1 X ,~  g a m m a ( ^ X j , a n d
gamma(y y,,. + ^ ,,— - — ) to  generate 1000000  va lues  fo r 2,| X,
1=1 l  + m,r,
and//,I .
6 . The ra t io ^  = —  w il l  be ca lcu la te d  and  we w il l  get 1000000  va lues
/"i
o f^  = —  . We p u t  th e m  in  o rd e r a n d  i t  is  easy to  get 100(l-a)%=95%
A,
confidence in te rv a l (0.4957661,0.7623171).
Exam ple 2
In  th is  exam ple  we w il l  do the  case w hen  A:, = 2 a n d k ^ = 2 .  The 
p rob lem  becom es to  how  to  ca lcu la te  the  1 0 0 ( 1 -/%)% con fidence  in te rv a l
fo r ^ =  — . We w il l  use the  R p rog ram  to  do th is  a n d  the  p rocedure  is
as the  fo llow ing :
1. Assum e the  p a ram e te rs  fo r the  p rio rs :
2 , ~ gamma(a^ = 2 , y0 , = 2 )
21
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À2~ gamma{a2 = 2,^^ -  3)
A  ~ gamma(<5, = 3,7 , = 3) 
ju^~ g a m m a ( / ^ 2  =  4 , ^ 2  =  3 )
2. A  ra n d o m  va lue  fo r n ^ a n d w il l  be generated:
2, =1.028019 
2  ^=3.547733 
//, = 4.95997 
// j = 8.370036
3. W ith  the  in p u t  d a ta  n u m b e rs  fo r  each Poisson d is t r ib u t io n  the  
Poisson d is tr ib u tio n s  are generated:
1 , '  = (2,2,0,0,4,...,1,0,2,0,1,0)~P(2, =1.028019), M, =20
%2' = (4,2,2,0,...,4,3,4,6)-P(22 =3.547733), =15
V  = (4,3,6,6,9,...,2,7,7,8,7)~P(//, =4.95997), m, =20 
]^' = (3,13,9,5,4,...,10,12,5,9,9,8)-P(//2 =8 370036), =25
4. W ith  the  above a ssu m p tio n  and  Po isson da ta , 1000000  p o s te rio r 
ra n d o m  va riab les  w ill be genera ted  acco rd in g  to  the  fo llow ing :
^  "1 fJ
2 , 1 1 , ~ gam m a(^ x,, + a ,, -— —^ ) 
,=i l  + «iA
A
P:2  ^11 2  ~ gam m a(^ x ,^ + or ,^  -----—^ )
M l + A A
//, I Ÿ, ~ gamma(f; y , + Ô, , — ^ — )
,=i \  + m j ,
22
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A l ÿ -  gamma( ^ — )
,=i I  + /M2 X2
5. 1000000 va lues  fo r the  ra tio  ^  w il l  be ea lcu la ted .
A /4
6 . We ju s t  need to  p u t  these 1000000  va lues o f 0 in  o rder, a n d  w ith  the  
a ssu m p tio n  a  = 0.05 i t ’s easy to  get 100(l-«)%=95% con fidence  in te rv a l 
fo r ^ ,  w h ic h  is(0.04432612,0.1341951).
Exam ple 3
In  th is  exam ple  we w il l  do th e  case w hen  A:, = 3 and  Atj = 1. The 
p rob lem  beeomes to  how  to  ca lcu la te  th e  1 0 0 ( 1 -/%)% con fidence  in te rv a l
X, ‘ X ' x^ïorO = —— We  w il l  use the  R p ro g ra m  to  do th is  and  the  p roeedu re  is 
as the  fo llow ing :
1. Assum e th e  pa ram e te rs  fo r the  p rio rs :
2 , ~ gamma{a^ = = 1 )
2j ~ gamma^a^ = 2,^^ = 2)
2 g- gamma( / % 3  =3,P^=  1 )
A  ~ gamma(<5, =^,Yx=  2 )




Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
3^ =1.258633 
A  = 14.86363
3. W ith  the  in p u t  d a ta  n u m b e rs  fo r  each Poisson d is t r ib u t io n  the  
Poisson d is t r ib u t io n s  are generated:
1 , ' = (0,1,1,0,4,...,1,3,0,2,2,1)~P(2, =1.529129), M, =25
f 2 ' = (3,7,5,4,3,...,6,3,2,1,6)-P(2^ = 3.956051), a  =15
f  3 ' = (1,3,0,0,2,0,1,0,2,0)-P(23 =1.258633), a  =10 
} j ' = (18,10,10,15,...,ll,10,17,15)~P(A =14.86363), =25
4. W ith  th e  above a ssu m p tio n  and  Poisson d a ta  1000000  p o s te rio r 
ra n d o m  va ria b le s  w il l  be generated acco rd in g  to  th e  fo llo w in g  :
^  i g a m m a (^ x „ .+ A ,.
M i+ « iA
)
~ iff
^21 I j -  gammag%2, +«2,------
M 1 + a A
_  " 3  A
^31 X3 ~ gam m a(^ X3, + «3,  ----
t r  i  + M,A
A |Ÿ ,-g a m m a g A . + ^ ,,-  
i= \  A
i=\ 1 T «3 /Î 3
 ■
+ 7M,y,
5. 1000000 va lu es  fo r  the  ra tio  ^  _ A ^ 2  ^  w il l  be ca lcu la ted .
A
6 . We ju s t  need to  p u t  these 1000000  va lues  o f 0 in  o rde r, and w ith  the  
a s s u m p tio n  a  = 0.05 i t ’s easy to  get 100(l-a)%=95% confidence in te rv a l 
f o r w h i c h  is(0.1925228,0,8255976).
24
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Exam ple 4
In  th is  exam ple  we w il l  do th e  case w he n  A:, = 2 a n d  k^=3.  The 
p rob lem  becom es to  how  to  ca lcu la te  the  1 0 0 ( 1 -/%)% confidenee in te rv a l 
2, -2fo r  6 = — -— -—  . We w il l  use the  R p ro g ra m  to  do th is  a n d  the  p rocedu re  
M\ ' Ml ' A
is  as the  fo llow ing ;
1. A ssum e the  p a ram e te rs  fo r the  p rio rs :
2 , ~ gamma(a^ = 2 ,y0 , = 2 )
gamma{a2 -  3,P^ = 3)
A~gamma(<J, =3,y, =2) 
gamma((^2 = 4, a  = 2) 
gamma((^3 = 5, A  =  1)
2. A  ra n do m  va lue  fo r  w il l  be generated:
2, = 2.060402 
2  ^=8.268878 
A  =1.069710 
A  =4.241796 
A  = 4.004304
3. W ith  the  in p u t  d a ta  n u m b e rs  fo r  each Poisson d is tr ib u t io n  the  
Poisson d is tr ib u t io n s  are generated:
1 , '  = (3,3,1,3,1,...,1,3,3,3,5)~P(2, = 2 .0 6 0 4 0 2 ), M, = 2 5
25
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= (8,12,15,9,8,...,9,11,8,12,11)-P(2^ =8.268878), A  =20 
Ij ' = (1,0,3,0,1,..., 3,2,0,1,1,0 )-P (A  = 1.069710) , m, =15 
' = (2,7,5,0,2,...,5,2,3,6 , 5 )-P (A  = 4.241796) , =15
i ; '  = (2,2,5,3,2,...,4,3,5,3,6,2)-P(A3 =4.004304), =25
4. W ith  th e  above a s s u m p tio n  a n d  Poisson da ta , 1000000  p o s te rio r 
ra n d o m  va riab les  w il l  be generated aeeord ing  to  th e  fo llow ing :
2,1Â, ~ gamma(T + a , , -— ^ ^ ) 
M i+ « iA
« 2 p
2  ^ I ^2 ~ gam m a(^ A, + «2,  -----—^ )
M I + A P 2
A ! Ÿ, ~ gamma(^ y,, + B,, — ^ — )
A 1 Ÿ2 ~ gam m a(^
i=i ^
Y2
+ /M2 / 2
A 1 P3 ~ gam m a(^ + B,, — ^ — )
w 1  + ^ 3 A
-)
2, -2
5. 1000000  va lues fo r th e  ra t io  û = — -— -—  w il l  be ca lcu la ted .
Ml ' M2 ' M2,
6 . We ju s t  need to  p u t  these 1000000  va lues o f 9 in  o rd e r, and  w ith  the  
a ssu m p tio n  a = 0.05 i t ’s easy to  get 100(l-a)%=95% con fidence  in te rv a l 
fo r0 , w h ic h  is (0.5111273,1.820691).
26
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Example 5
We w il l  ca lcu la te  th e  con fidence  u p p e r l im its  acco rd ing  to  th e  d a ta  
fro m  tab le  1 a n d  ta b le  2 in  H a r r is ’ a rtic le . S ince the re  is  no  p r io r  
a ssu m p tio n  in  S aha i and  K h u rs h id ’s a rtic le , we have to  m ake  o u r  p r io r  
a s su m p tio n  in fo rm a tive . F o r th e  p r io r  7u(À^ ) ~gamma{a^,pp ,
gammaia^,P2 ) , we sh o u ld  take  a^, equa l to  1  a n d  p^, equa l to 
a  b ig  n u m b e r w h ic h  is  close to  in f in it iv e  to  m ake the  p r io r  in fo rm a tive .
W ith  d a ta  A, = 3 , ^ 2  =5 a n d  because the re  is  o n ly  one va ria b le  fo r
each sam ple , we have = 1 , a  = 1  k  is  easy to  get the  p o s te rio r
2,/W, ~ gamma(4,l), ~ gamma{6,\). We generate 1000000  va lues  o f
2,/W, and  2^1 X^ to  get 1000000  va lues o f 2,2; and  we w il l  get th e  0 .90  
u p p e r con fidence  lim it .  D iv ide  th is  l im it  by  10000 w h ic h  is  ju s t  the  
p ro d u c t o f sam p le  size o f «, = 1 0 0  and  a  = 1 0 0  we w il l  get the  u p p e r
con fidence  l im it  fo r p, ‘ A  • The re s u lt is  0 .00 449 . The u p p e r l im its  fo r 
A  • P2  w he n  W, an d  X^ ta ke  o th e r va lues are ca lcu la te d  s im ila r ly , a n d  we 
a lso use the  same m ethod  to  ca lcu la te d  the  u p p e r l im its  fo r p, • P2 ‘ A  • The 
re s u lts  are g iven in  the  fo llo w in g  tw o tab les.
I f  we ta ke  the  p r io r  as a genera lized c o n s ta n t p r io r , we w il l  ge t the  
same p o s te r io r and  the  same re s u lt fo r th is  exam ple.
27
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Table 1 APPRO XIM ATE UPPER C O N FID EN C E L IM ITS  FOR 
























100,100 3 , 5 .00412 .00433 .00164 .00486 .00416 .00449
100,100 1 ,4 .00188 .00182 .00097 .00235 .00184 .00210
100,100 2 ,2 .00168 .00167 .00091 .00211 .00170 .00187
150, 150 3 ,3 .00128 .00133 .00074 .00153 .00128 .00139
n, n 0 , 0 1 .33 /n ' .458/n= 0 3 .7 2 /n ' 2 .2 9 /n ' 2.59/n=
Table  2 APPROXIM ATE UPPER C O N FID EN C E L IM ITS  FOR 
A P 2 P3 C O N FID EN C E C O EFFIC IEN T a = .90
Simple sizes 
A ,A .» 3
Observed values
A A 2A 3
Madan sky’s 
likelihood ratio
Harris L im it 
based on (8)
Harris 




100 , 100,100 1.2, 1 .000019 .000019 .000027 .000029
100 , 100,100 2 , 3 , 5 .000133 .000186 .000145 .000153
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CHAPTER 5










> n u m = l
> d e n = l
> fo r ( i  in  1:1) {
+ lam b d a [i]= rga m m a (l,sh ap e = a lp h [i],sca le = p e ta [i])
+ n u m = n u m *la m b d a [i]}
>
> fo r ( j  in  1:1) {
+ I[j]= rg a m m a (l,sh a p e = a 2 [j],sca le = p 2 |j])
+ den=den*l[j]}
>
> ra t io = n u m /d e n
>
> x l= rp o is (n [ l] , la m b d a [ l] )







> a [ l ]= s u m (x l)+ a lp h [ l ]  #a reco rds  the  a lp h a  va lues o f the  n u m e ra to r 
p o s te ria l d is trn
29
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> p [ l ]= p e ta [ l ] / ( l+ n [ l ] * p e ta [ l ] ) # p  reco rds  the  pe ta  va lues  o f the  
n u m e ra to r p o s te r ia l d is trn
>
> b [ l ]= s u m (y l)+ a 2 [ l]
> #b reco rds the  a lp h a  va lues  o f the  d e n o m in a to r p o s te ria l d is trn
> q [ l ] = p 2 [ l ] / ( l+ m [ l ] * p 2 [ l ] )
>
>
> #q reco rds the  pe ta  va lues  o f the  d e n o m in a to r p o s te ria l d is trn
>
> 1x1 = rgam m a( 1000000 , shape=a[ 1 ], scale=p[ 1 ])
>
> m y  1 =rgam m a( 1 0 0 0 0 0 0 ,shape=b[ 1 ] ,scale=q[ 1 ])
>
>
> lx m = L x l/m y l
> s=order(lxm )
> c=rbind(bcm [s])
> lc l= c [250 00 ]
> uc l= c [9 7 5 0 00 ]
> la m b d a [l]
[1] 5 .96 113 3  
>1[1]
[1] 9 .5 2 1 6 9
> Ic l
[1] 0 .4957661
> u c l
[1] 0 .7623171
> ra tio
[1] 0 .6 2 6 05 8 3
> x l
[1] 9 7 7 7 5  1 5 5 5 6 9 9 5 6 5 2  13 6 6 2 5 5 3 6 6
> y i
[1] 6 12 11 11 12 8 9 10 13 9 7 14 9 11 5 8 11 8 6 9 
> a [ l ]
[1] 147 
> P [1 ]
[1] 0 .0 3 9 21 5 6 9  
> b [ l ]
[1] 192
> q [ l ]
[1] 0 .0 4 8 78 0 4 9
30










> n u m = l
> d e n = 1
> fo r ( i  in  1:2) {
+ la m b d a [i]= rga m m a (l,sh ap e = a lp h [i],s ca le = p e ta [i])
+ n u m = n u m *la m b d a [i]}
>
> fo r ( j  in  1:2) {
+ I[j]= rgam m a(l,shape=a2 [j],sca le=p21 j])
+ den= den*l[j]}
>
> ra tio = n u m /d e n
>
> x l= rp o is (n [ 1 ],lam bda) 1])
> x2 = rp o is (n [2 ],lam bd a [2 ])
>
> y l= rp o is ( m [ l ] , l [ l ] )







> a [ l ]= s u m (x l)+ a lp h [ l ]  #a reco rds  th e  a lp h a  va lues  o f the  n u m e ra to r 
p o s te ria l d is trn
> a [2 ]=sum (x2)+ a lph [2 ]
> p [ l ]= p e ta [ l ] / ( l+ n [ l ] * p e ta [ l ] ) # p  reco rds  the  pe ta  va lues  o f the  
n u m e ra to r  p o s te ria l d is trn
> p [2 ]= p e ta [2 ]/( l+ n [2 ]*p e ta [2 ])
> b [ l ]= s u m (y l)+ a 2 [ l]
> b [2 ]= sum (y2)+ a2 [2 ]#b  records the  a lp h a  va lues o f the  d e n o m in a to r 
p o s te ria l d is trn
> q [ l ] = p 2 [ l ] / ( l+ m [ l ] * p 2 [ l ] )
> q [2 ]= p 2 [2 ]/( l+ m [2 ]*p 2 [2 ])
>
> #q reco rds  the  pe ta  va lues o f the  d e n o m in a to r p o s te ria l d is trn
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>> 1x1 = rgam m a( 1000000 , shape=a[ 1 ], sca le=p[ 1 ])
> bc2 = rg a m m a(l0 0 0 0 0 0 ,shape=a[2 ],sca le=p[2 ])
> m y l= rg a m m a ( l0 0 0 0 0 0 ,s h a p e = b [l],s c a le = q [l])
> m y 2 = rg a m m a (l0 0 0 0 0 0 ,shape=b[2 ],sca le=q[2 ])
>
> Lxm=lx 1 *1x2 /(m y l*m y 2 )
> s=order(lxm )
> c=rbind(bcm [s])
> lc l= c [25000 ]
> uc l= c [9 7 5 0 00 ]
> Icl
[1] 0 .0 4 4 32 6 1 2
> u c l
[1] 0 .1341951
> ra tio
[1] 0 .0 8 7 85 0 8
> lam bda) 1]
)1] 1 .028019
> x l
)1] 2 2 0 0 4 1 3 0 1 3 0 1 0 0 1 0 2 0 1 0
> lam bda)2]
)1] 3 .54 773 3
> x2
)1] 4 2 2 0 2 5 2 4 2 2 4 4 3 4 6  
> 1)1]
)1] 4 .95 997
>yi
)1] 4 3 6 6 9 4 6 3 8 4 1 3 5 3 5 2 7 7 8 7  
> 1)2 ]
)1] 8 .3 7 0 0 3 6  
> y 2
)1] 3 13 9 5 4 8 12 10 12 5 12 10 12 8 7 12 7 5 6 10 12 5 9 9 
8
Exam ple 3
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> n u m = l
> d e n = l
> fo r ( i  in  1:3) {
+ lam b da [i]= rgam m a( 1, sh a p e = a lp h [i], sca le=peta[i]) 
+ n u m = n u m *la m b d a [i]}
>
> fo r ( j  in  1:1) {
+ l[j ]= rgam m a( 1 ,shape=a2 [j ], scale=p2 [j ])
+ den=den*l[j]}
>
> ra t io = n u m /d e n
>
> x l= rp o is (n [ 1 ], lam bda) 1])
> x2= rpo is (n )2 ],lam bda)2 ])
>
> x3= rpo is (n )3 ],lam bda)3 ])
>






> a ) l]= s u m (x l)+ a lp h ) l]  #a reco rds the  a lp h a  va lues  o f the  n u m e ra to r 
p o s te ria l d is trn
> a )2 ]=sum (x2)+a lph)2 ]
> a )3 ]=sum (x3)+a lph)3 ]
> p ) l ]= p e ta ) l ] / ( l+ n ) l ] * p e ta ) l] ) # p  reco rds the  pe ta  va lues  o f the  
n u m e ra to r p o s te ria l d is trn
> p )2 ]= p e ta )2 ]/( l+ n )2 ]*p e ta )2 ])
> p )3 ]= p e ta )3 ]/( l+ n )3 ]*p e ta )3 ])
>
> b ) l]= s u m (y l)+ a 2 ) l]
> #b reco rds the  a lp h a  va lues  o f the  d e n o m in a to r p o s te ria l d is trn
> q ) l ]= p 2 ) l ] / ( l+ m ) l ] * p 2 ) l ] )
>
>
> #q reco rds  the  pe ta  va lues  o f the  d e n o m in a to r p o s te ria l d is trn
>
> b e l= rg a m m a (l0 0 0 0 0 0 ,sh a p e = a )l],sca le = p )l])
> lx2= rgam m a( 10 00 0 0 0 ,shape=a)2],scale=p)2])
> bc3= rga m m a(l0 0 0 0 0 0 ,shape=a)3],scale=p)3])
33
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>> m y  1 =rgam m a( 1 0 0 0 0 0 0 ,shape=b[ 1 ] ,scale=q[ 1 ])
>
> Lxm =bcl*bc2*Lx3/m yl
> s=order(bcm)
> c=rbind(bcm [s])
> lc l= c [25000 ]
> u c l= c [9750 00 ]
> Ic l
[1] 0 .1 9 2 52 2 8
> u c l
[1] 0 .8 255976
> ra tio
[1] 0 .5 122483
> lam bda) 1]
)1] 1 .529129
> x l


















> p 2 = c (2 ,2 ,l)
> n=c(25,20)
> m = c (1 5 ,15,25)
> lam bda=0
> 1=0
> n u m = l
> d e n = l
> fo r ( i in  1:2)
34
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+ lam b da [i]= rgam m a( 1, sh a p e = a lp h [i], sca le=peta[i])
+ n u m = n u m *la m b d a [i]}
> fo r ( j  in  1:3) {
+ I[ j]= rg a m m a (l,sh a p e = a 2 [j],sca le = p 2 |j])
+ den=den*l[j]}
> ra t io = n u m / den
> x l= rp o is (n [ 1 ],lam bda) 1])
> x2=rpo is (n )2 ],lam bda)2 ])
> y l= rp o is (m ) l] , l) l ] )
> y2=rpo is(m )2 ],l)2 ])





> a ) l]= s u m (x l)+ a lp h ) l]  #a reco rds  th e  a lp h a  va lues  o f th e  n u m e ra to r 
p o s te ria l d is t rn
> a )2 ]=sum (x2)+a lph)2 ]
> p ) l]= p e ta ) l ] / ( l+ n ) l ] * p e ta ) l] ) # p  reco rds  the  pe ta  va lues  o f the 
n u m e ra to r p o s te ria l d is trn
> p )2 ]= p e ta )2 ]/( l+ n )2 ]*p e ta )2 ])
> b ) l]= s u m (y l)+ a 2 ) l]
> b)2 ]=sum (y2)+a2)2]
> b)3 ]=sum (y3)+a2)3 ]#b  reco rds  the  a lp h a  va lues o f th e  d e n o m in a to r 
p o s te ria l d is t rn
> q ) l ]= p 2 ) l ] / ( l+ m ) l ] * p 2 ) l ] )
> q )2 ]= p 2 )2 ]/( l+ m )2 ]*p 2 )2 ])
> q )3 ]= p 2 )3 ]/( l+ m )3 ]*p 2 )3 ])
> #q reco rds the  pe ta  va lues o f the  d e n o m in a to r p o s te ria l d is trn
>
> be 1 = rgam m a( 1 000000 ,shape=a) 1 ] ,scale=p) 1 ])
> b c2 = rg a m m a(l0 0 0 0 0 0 ,shape=a)2],scale=p)2])
> m y  1 = rgam m a( 10000 00 ,shape=b) 1 ] ,scale=q) 1 ])
> m y 2 = rg a m m a (l0 0 0 0 0 0 ,shape=b)2],scale=q)2])
> m y3=rgam m a( 10000 00 ,shape=b)3] ,scale=q)3])
> bcm=lx 1 *bc2 /  (m y 1 *m y2*m y3)
> s=order(bcm)
> c=rbind(bcm )s])
> lc l= c)25000 ]
> uc l= c )97 500 0 ]
> Ic l
)1] 0 .5 1 1 12 7 3
> u c l
)1] 1 .820691
> lam bda) 1]
)1] 2 .0 6 0 40 2
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> x l
[1] 3 3 1 3 1 2 1 4 0 3 2 1 1 3 0 0 3 0 1 4 1 3 3 3 5
> lam bda [2 ]
[1] 8 .258 87 8
> x2




[1] 1 0 3 0 1 3 0 0 0 3 2 0 1  1 0  
>1[2]
[1] 4 .2 4 1 7 9 6  
> y 2
[1] 2 7 5 0 2 5 9 3 9 6 5 2 3 6 5  
>1[3]
[1] 4 .0 04304
> y3
[1] 2 2 5 3 2 3 6 6 5 5 5 6 3 2 7 5 2 5 2 4 3 5 3 6 2
> ra tio
[1] 0 .9 3 7 68 1 8
Exam ple 5
> be l= rgam m a( 1000000 ,4 ,1 )




> c= rb ind (lxm [s ])
> lc l= c [50000 ]
> uc l= c [9 0 0 0 00 ]
> u c l
[1] 4 4 .8 967 2
> b c l= rg a m m a (1 0 0 0 0 0 0 ,2 ,1)




> c= rb ind (lxm [s ])
> lc l= c [5 0000 ]
> uc l= c [9 0 0 0 00 ]
>
> u c l
[1] 2 1 .04 216
> lx l= rg a m m a (1 0 0 0 0 0 0 ,3 ,l)
36
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> lx2 = rg a m m a (1 0 0 0 0 0 0 ,3 ,l)
>
> lx m = lx  1*1x2
> s=order(lxm )
> c=rbind(bcm [s])
> lc l= c [50000 ]
> u c l= c [9 00000 ]
> u c l
[1] 18 .72712
> L x l= rg a m m a (1 0 0 0 0 0 0 ,4 ,l)
> bc2=rgam m a( 1000000 ,4 ,1 )
>
> lx m = lx  1*1x2
> s=order(lxm )
> c= rb ind (lxm [s ])
> lc l= c [50000 ]
> uc l= c [9 0 0 0 00 ]
> u c l
[1] 3 1 .17 266
> lx l= rg a m m a ( 1000000 ,1 ,1 )




> c= rb ind (lxm [s ])
> lc l= c [5 0000 ]
> u c l= c [9 0 0 0 00 ]
> u c l
[1] 2 .588 22 9
> be 1 = rgam m a( 1000000 ,2 ,1  )
> 1x2=rgam m a( 1000000 ,3 ,1 )
> lx3= rgam m a( 1000000,2 ,1)
> lx m = lx  1*1x2 *1x3
> s=order(lxm )
> c= rb ind (lxm [s ])
> lc l= c [5 0000 ]
> u c l= c [9 0 0 0 00 ]
> u c l
[1] 2 8 .6 3 17 0
> b e l= rg a m m a (1 0 0 0 0 0 0 ,3 ,l)
> lx2= rg am m a ( 1000000 ,4 ,1 )
> lx 3 = rg a m m a (1 0 0 0 0 0 0 ,6 ,l)
> Ix m = lx l* lx 2 * lx 3
37
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> s=order(lxm )
> c= rb ind (lxm [s ])
> lc l=c [50000 ]
> uc l= c [900000 ]
> u c l
[1] 153.4817
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